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Abstract-h [I], a formula for the error bound for the truncation error of the two-variable 
Chebyshev series expansions wss recently given. Even though the order of the error bound is correct, 
there WBS a quantitative error. Here we find the correct formula. @ 2003 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
Let us denote by .7 the rectangle J = [-1, l] x [-1, l] and let E(J) be the set of all continuous 
real-valued functions endowed with the inner product (, )4 for f, g in E(J), defined by 
f(cos 8, cos cp)g(cos 0, cos ‘p) de dq, (1.1) 
which induces the norm 
llfllp= {$l”l” If(cos8,coscp)12 db’dp 
We also consider the supremum norm defined by 
f E E(J). (1.2) 
Ilf IL =m~{lf(~~)l, -112,~ Il}, f E E(J). (1.3) 
If {T,(z)},+0 is the one-variable Chebyshev polynomial sequence, in accordance with [l], an 
orthonormal basis for E(J) is defined by 
~,,(cos 8, cos up) = --&z4c0se,co~ip), (1.4) 
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where 
Tn,(cose,coscp) = T,( cose)T,(cosp) = cos(d) cos(mcp), 
{ 
VT i = 0, 
ei = 
1, i > 0. 
By [l], the Chebyshev series of a function f(z, y) of the space E(J) is given by 
2 ?rx 
a nm = - 2 r enem ss fccos 8, cos +g cos(ne) cOS(mcp) de dp. 0 0 
(1.5) 
(1.6) 
(1.8) 
If f lies in E(J), by [l, p. 2721, one gets the Parseval equality 
Ml,2 = c c lonm12. (1.9) 
n>o m>o 
Assume that f(z, y) and & (s, y) b 0th lie in E(J), and consider the Chebyshev series of 
& (2, y) defined by 
a2f (~0~ 8, cam ‘p) 
qcos e)qcos cp) 
with 
2 = = 
ax9 = 
a2f ccos 8, ~0~ ‘p) 
nm 2 77 enem IS 
cos(ne) cos(me) de dp. (1.11) 
o o qcos ep(c0s v) 
By expression (2.22) of [l, p. 2721, for n > 0, m > 0, one gets 
a 
em-ren-io~Y1,m-l - en-raZ_l,m+l - em-iaZY+l,m--l + oEY+i,,+i 
nm = 
4nm 
(1.12) 
In the next section, we study the truncation error of two-variable Chebyshev series expansions. 
2. THE TRUNCATION ERROR OF 
TWO-VARIABLES CHEBYSHEV SERIES 
Let f(cos 8, cos ‘p) be in E(J) with $~$$;:~‘&~ al so in E(J), let the Chebyshev series of 
f(cos 8, cam ‘p) 
f(cos 8, cam 9) = 2 C C oij cos(z+$JV) , 
i>o j>o 
(2.1) 
and, for n > 0, m > 0, let us consider the finite partial sum of (2.1) defined by 
Pn,mf(COS 8, cos ‘p) = 2 2 2 oij cos(i$~T(‘V). 
i=o j=o 
The residual series is 
(2.2) 
(2.3) 
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We are interested in obtaining bounds of [I(1 - Pnm)fllm under a certain differentiability 
hypothesis on f E E(J). By (1.12) and the Cauchy-Schwartz inequality, it follows that 
[ 1 
2 
2 c c aijcos(iy;y(J~) 
izn+1 j>m+1 
’ 4 [i&l jg+laij12 
[ 1 2 = 4 i,21 i j>g+l ei-lej-la2!l,j_l - ei-laZ!l,;+l - ej-laTJl,j-l + aT-!l,j+l (2.4) 
“(~~l’)i&l(j~+l 
ei_lej_la~~l,j_~ - ei-laz!l,j+l - ej-laTJl,j-l + CP 
’ )’ 
t+l,j+l 
’ a ji&, f) (jg+l $) El jg+l (ei--lej-laFTl,j-l -ei-laT~l,j+l 
-e,-l@TJfl,j_l+ aTJl,j+l 
1”. 
BY the inequality (a f b)2 I 2(a2 + b2) satisfied for every pair of real numbers a, b, one gets 
(ei-lej-lo~J!I,j_l - ei-la~!I,j+I - ej_laFJ+,j_l + a~~,,j+1)2 
i 2 (ei-lej-la~!I,j_I - ei-~a~!I,j+l [ )” + (-ej-laZ:+Y,,j+l + o%,j+J2] (2.5) 
< 4 [ eZ-Ie3_1 (aF!!I,j_l )” + et1 (o?I,j+1)2 + e3_1 (e~Jl,j_1)2 + (a~~I,j+1)2] . 
Since ei = 1 for i > 0, m > 0, by (2.5) it follows that 
cc 
2 
ei-Ie3-1 (aZ,j_1)2 + eLI (oZ!l,j+I)2 + ei_1 (aFJ!I,j_1)2 + (u~J~,,+,)~] 
j>m+l 
(2.6) 
By (2.4)-(2.6), one gets 
Taking into account that 
*1 <2 C $52 i 7du=;> 
s 
i > 0, 
kzi+l 
and that, by the Parseval equality, one gets 
Gw 
(2.9) 
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By (2.7)-(2.9), it follows that 
(2.10) 
In order to find appropriate bounds for the second and third terms arising in the right-hand 
side of (2.3), we need an intermediate result not included in [l]. 
LEMMA 1. Let f(z, y) and 2(x, y) be functions in E(J) and let 
with 
bf(cos 8, cos cp) 
accos e) 
= 2 c c ag, cost”~~~tw), 
n>o m>o 
2 7r 
a&= 2 
JJ 
T af(cose,coscp) 
n enem 0 0 a(c04 
cos(n~)cos(mcp)d~ q, 
be the Chebyshev series of $$(x, y). Then 
a nm = 
en-la2l,, - G+l,, 
2n ’ n> 1, 
m 2 0. 
(2.11) 
(2.12) 
(2.13) 
PROOF. Integrating by parts for n 2 1, it follows that 
J 0 
*f(~0~8,~0~p)cos(n8)dB = i on ar(Tc:iTV) sin(ne)s 
J 
1 
J 
n af(cos 8, cos ‘p) (2.14) =- 
272 0 a(cose) [cos(n - qe- cos(n+ i)e] de. 
By (1.8) and (2.14), it follows that 
I1 - I2 a nm= 2 I n> 1, m L 0, 
7r ne,e, 
where 
A 
II = JJ 
r df(cos 8, cos ‘p) 
qcos e) cos((n- l)@cos(mcp)dBdv, 0 0 ?I 
I2 = JJ 
m df(cos e, cos cp) 
qcos e) cos ((n + 1)0) cos(mcp) dedv. 0 0 
By (2.16), (2.17), and (2.12), for n 2 1, m 2 0, it follows that 
I1 e,-le, z I2 
-=-_a - = 
em z 
Sn 2n n-1,77%7 7r2n 
-a gn n+l,m, 
and, by (2.15) and (2.18), one gets (2.13). 
The proof of the following result is similar to the proof of Lemma 1. 
LEMMA 2. Let f(q y) and $$ (q y) be in E(J) and let 
afccos 8, cos 9) 
atcos 9) 
= 2 c c .,cos(n~;;+~), 
n>o m~0 
with 
a:, = + 
K 
JJ 
n af (cos 8, cos ‘p) 
77 enem 0 0 wcos 9) cos(ne) cos(mcp) dedp, 
(2.15) 
(2.16) 
(2.17) 
(2.18) 
(2.19) 
(2.20) 
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be the Chebyshev series expansions of $$ (x, y). Then 
a em-la:,,-r - o&+r nm = 2m ’ n 2 0, 
m 2 1. (2.21) 
Now we consider the square of the second term of the right-hand side of (2.3). By the Cauchy- 
Schwartz inequality and (2.21), it follows that 
[ 
2 2 c aij co44 COS(J’p) 
id j&l+1 
‘e;ej I2 14 [j&l gai,l’ 
[ 1 
2 
< 4 2 j>m+l i=O ej-laY,ji;maY,j+l 1 
= [ 2 jzF+l $ $ (ej-la[j-l - atj+l) I-0 1 
s (j&l$) [jg+l (~(ej-1aIil-a:j_l))2 
I c$ ( )i C Cn + 1) 2 (at-1 - 4,j+J2 jZm+l j>m+l i=o 1 
5 Cn+l) C fC C 2((ay,j_,)2+ (a[j+1)2)’ 
j&n+l' i=O jzm+l 
5 4(n + 1) 
( ) 
C + 2 C CaY,j12' 
j>m+l i=O j&a 
(2.22) 
By Parseval’s equality, one gets 
(2.23) 
and, by (2.22) and (2.23), it follows that 
[ 
2 2 c aij cos(9 cos(W) (2.24) 
i=O j&n+1 
‘eiej . ]2dq~!q~~. 
This bound can be improved assuming that function satisfies higher differentiability properties. 
If 3 (z, y) lies in E(J), then, by applying Lemma 2 to 2 (x, y) instead of f, and using (2.21), 
we have 
afj = ej_laf~_, - ay3+1 
2j ’ 
i 1 0, j 2 1. 
By Parseval’s equality and (2.25), it follows that 
I $ $ c 2 ( (a3-d2 +(4;+1)‘) 
s=O j>m 
(2.25) 
(2.26) 
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If 3 (x, y) lies in E(J), then in an analogous way, for m > 2, one gets 
(2.27) 
Iteratively, assuming that 3 (x, y) lies in E(J), p 1 2, for m > p - 1, it follows that 
e c 
i=o j&v(p-2) 
(a;;;=)2 5 (m_ (;_2))2 lpl12. 
4 
(2.28) 
By (2.22) and (2.26)-(2.28), assuming that $$ lies in E(J), p > 2 and if n > 0, m 2 p, it 
follows that 
[ 22 i=o 2 j>m+l 1 .ijcos(z~i~(J'p) 1 5 mym - 1)2(m 4(n - 2)2.. + 1) . (m - (p - 2))2 II-II Pf ayp 2 p. (2.29) 
By changing the role of the variable y by x, using Lemma 1 instead of Lemma 2, and assuming 
that 2 lies in E(J), it is easy to prove that 
cos(iqcos(j$o) 
eiej 1 
2 
4(” + 1) Pf 2 
’ n3(n-1)2(n-2)2...(n-(p-2))2 DxP q’ II-II (2.30) 
We can also improve the bound (2.10) assuming higher differentiability hypothesis for the 
derivatives of f with respect to both variables. In particular, if -7&&T lies in E(J), then, by 
Parseval’s equality, one gets 
By (2.7), (2.8), and (2.31) it follows that 
Assuming that &(x, y) lies in E(J), for p 2 2, m 2 p, n 2 p, it follows that 
4 2 5 nW(72 - 1)2( m - 1)2(n - 2)2(ti - 2)2.. . (n - (p - 2))2(m - (p - 2))2 II ~. @Pf II EkrP&P 4 
By (2.3), (2.29), (2.30), and (2.33), it follows that 
II(I - p,VJ fll, 
’ (nm)1/2n(n - 1). . . (n - (p -22))m(m - 1). . . (m - (p - 2)) 
2P II II afp;p q 
+ 
2(n + 1)li2 @Pf II II 7n’kn(m-l)...(m-(2p-2)) dy@ q 
+ 
2(n + 1)‘/2 @Pf 
n1i2n(n - 1) . . . (n - (2p - 2)) II II dx2P q. 
(2.31) 
(2.32) 
(2.33) 
(2.34) 
Summarizing, taking n = m, the following result has been established 
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THEOREMS. LetfbeinE(J)suchthat,forlIkIp,l<1~p,OIsI2p,.~~,~,~ 
all lie in E( .I), and Jet 
(2.35) 
Then 
IlV Pm) fll, 5 2 4(” + 1)1/Z - 
72 [n(n - 1). . . (n - (p - 2))12 
+ 
7Gn(n - 1). . * (n - (2p - 2)) 
Q. (2.36) 
REMARK 1. Note that with respect to the truncation error bound given in Corollary 3.4 of [l, 
p. 2771, there appears one term more in (2.36); however, this new term has the same order as the 
other, concretely O(n- (‘P-l)). Thus, the new bound is of the same order as the one given in [l]. 
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